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Attractors for parametric delay differential equations without uniqueness and their upper semicontinuous behaviour
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Introduction
Delay differential equations (DDE for short) are of major interest in many fields of science. They appear in Biology, Economics, Physics, Chemistry, etc. There are many interesting questions concerning the qualitative behaviour of DDE, although most of attention has been paid to stability properties. Even when such results do not hold, it is still useful the study their long-time behaviour, and in particular the existence of attractors. There exists a wide literature on this topic, see for instance [6, 7] and the references therein.
Our second goal is to study the behaviour of these attractors when varying the parameter. There are many results on upper semicontinuity in the literature about attractors for dynamical systems, and their perturbations and approximations (e.g. cf. [3, 10] among many others). We obtain an upper semicontinuity result here w.r.t. to the parameter although, as commented before, we deal in principle with different state spaces.
The structure of the paper is as follows. In Section 2 we study the existence and estimates of solutions for a general class of parameterized delay differential equations. A multi-valued semiflow is then established, and the existence of an attractor for each value of the parameter is proved. In Section 3 we establish an embedding of all the problems in a common state space, and obtain a new family of attractors, which we relate with that obtained previously. Finally, we prove the upper semicontinuity of these attractors with respect to the parameter.
A general class of parametric DDEs
Let us introduce some notation which will be used all through the paper.
For a given metric space (X, d), P (X), C(X), and K(X) will denote the class of all nonempty, nonempty and closed, and nonempty and compact subsets of X respectively. B X (a, r) will denote the open ball of X with center a and radius r. In addition, denote the Hausdorff semidistance by
for any subsets A, B ∈ C(X).
, we denote by | · | the Euclidean norm. And for any T > 0 
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, and α, β > 0, and
For convenience we introduce the following notation
Under the above assumptions, consider (for each λ ∈ Λ) the functional
and the family of DDE When necessary we will denote with superscript (λ) the parametric dependence of the problem. However, if no confusion is possible, we will just use A C C E P T E D M A N U S C R I P T
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the notation x for any solution instead of x (λ) since the estimates that we will obtain are uniform in λ (which is one of our main goals). (λ) Local existence of solutions is well know (cf. [7] ) for finite delay differential equations provided the right hand side is a continuous functional, as observed in Remark 2(i). With a priori estimates from the following result we will obtain global (and not only local) solutions but no uniqueness.
Semiflows and attractors for DDE
The following notion from Dynamical Systems Theory will be necessary (cf. [17] and the references therein).
Definition 3 A multi-valued map
G : R + ×X → P (X) is called a multi-valued semiflow if a) G(0, ·) = Id (identity map) b) For any pair t 1 , t 2 ≥ 0 and for all x ∈ X, G(t 1 + t 2 , x) ⊂ G(t 1 , G(t 2 , x)), where G(t, A) = a∈A
G(t, a).

When the above inclusion is an equality, it is said that the multi-valued semiflow is strict.
Lemma 4 Assume that Hypothesis 1 holds, and consider a local solution x to (2), defined on an interval [0, T x ). Then, there exist positive constants A, B, and δ such that x satisfies for all t < T
Proof. From the equation, we easily obtain
where ε andε are positive constants to fix later, and m i were defined in (1).
We deduce
Take δ ∈ (0, 2α) such that ε +ε = 2α − δ and write
so we rewrite the above inequality as
Multiplying (4) by e δt we arrive to (3).
The next step in order to construct a multi-valued semiflow is clear. This proposition-definition follows from standard continuation results (cf. [7, Ch.2] ).
Proposition 5 Assume Hypothesis 1 holds. Then, the set
x is a global solution of (2) with x 0 = ψ} is nonempty, and the following multi-valued map is a multi-valued semiflow,
The following two notions will be useful for our purpose. 
Definition 6 A multi-valued semiflow
It is called asymptotically compact if for any bounded set B ⊂ X and any sequence {t n } with t n → +∞, any sequence {ψ
, possesses a converging subsequence in X.
The following result was stated in [17] for complete metric spaces, but it really does not need the completeness. 
It is minimal among all closed sets attracting each bounded set.
We can establish now our main result in this section. For this, we borrow and adapt some ideas from Wang & Xu [18] and Ball [1] already used in [5] for infinite delay. This will lead to the starting estimates for Theorem 8 below, which improves the analogous result in [4] . Note that the additional condition (5) means that the dissipativity of F 0 dominates the effects of the other terms in the equation (2) . 
Theorem 8 Assume the conditions in Hypothesis 1. If the following inequality holds,
Proof. We start checking that it is posible to consider two constants δ and B in Lemma 4, which additionally satisfy δ > B.
To take the smallest posible value of B = 
(Otherwise, max g = g(0) < 0). The condition for (6) is 2α > k 2 . In this case, the maximum of g is 2(α − m 1 − k 2 ), therefore the first part of the theorem is proved.
Now, we proceed to prove the second statement in the theorem. Thanks to the first part, it has sense to consider the value K = A δ−B
. We divide this proof in three steps.
Step 1: If not, there must be an initial datum ψ with ψ 2 M ρ,τ λ < RK and a solution x of (2) with x 0 = ψ and a first time t 1 such that
But from (3) we deduce that
which is a contradiction with |x(t 1 )| 2 = RK.
Step 2: The closed ball B 
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Take now T 2 (ε) such that
So, for any t ≥ T 2 (ε) + T 1 (ε) + max(ρ(λ), τ(λ)), from (3), splitting the integral in two parts,
applying (8) to the first two terms in the sum (thanks to Step 1), and (7) to the last term, we obtain for all t ≥ T 2 (ε) + T 1 (ε) + max(ρ(λ), τ(λ)) :
Passing to the limit as ε goes to zero, we deduce that
= K, which proves the claim.
Step 3: We prove now the general result: the semiflow G (λ) is pointwise dissipative, i.e. for any fixed initial data ψ, the set G Firstly let us denote (for an arbitrary η > 0)
We claim that B (λ) 0,η is absorbing for G(t, ψ) (since this will be proved for η > 0 arbitrarily small, we will obtain the main statement from this step).
We proceed by a contradiction argument. Assume that there exist a sequence of times t n → +∞, and solutions x (n) tn with the same initial data x
Therefore, by the first step, we deduce that x
Besides this, we know that solutions are uniformly bounded since it is so for the (unique) initial datum. So, by the Ascoli-Arzelà Theorem and a diagonal procedure argument, we obtain the existence of a function y ∈ C([0, +∞); R d ) and a subsequence (relabelled the same) such that
In particular, extending y to [−M ρ,τ λ , 0] by ψ (denote this function again by y), we have that x n t → y t for all t ≥ 0. By standard arguments (cf. [7] ) we deduce that y is solution of the problem, but on the other hand it satisfies
This is a contradiction with the result of the second step since B 
then G has compact values, is upper semicontinuous and asymptotically compact.
We can combine the above result with Theorem 7 and Theorem 8 to conclude the existence of attractors for the semiflows {G (λ) } λ∈Λ defined in Proposition 5.
Theorem 11
Assume that Hypothesis 1 and (5) hold. Then, for each λ ∈ Λ, (2) generates a multi-valued semiflow 
where the constant K is given in Theorem 8.
Proof. By Theorem 8 we know that each G (λ) is pointwise dissipative. Moreover, Step 1 gives the uniform boundedness condition in Proposition 10 to ensure compact values for G (λ) , upper semicontinuity, and asymptotic compactness.
The hypotheses of [17, Th.3] are satisfied, so we obtain the desired attractor A (λ) .
For the second statement, we follows the proof of Theorem 3 in [17] . Take 
The proof can be finished by taking into account the definition of B
in the Euclidean projected space, which is independent of λ (see Lemma 4 and Theorem 8).
Upper semicontinuous dependence of the attractors on the parameter
Our aim now is to show an upper semicontinuous dependence on λ for the attractors A (λ) obtained in Theorem 11. Observe that each A (λ) lives in a potentially different state space.
Therefore, in order to compare the obtained attractors A (λ) to our parametric problem (2), we need to do some adaptations.
First, a common state space is required for all the problems, independent of the parameter. We can achieve this by extending the multi-valued semiflows
The following result achieves this goal, and moreover, it ensures the existence of new attractors and establishes their relation with the obtained in the previous section.
Theorem 12
Assume that Hypothesis 1 holds. Then, for each λ ∈ Λ, there exists a multi-valued semiflow G (λ) : R + × C T * → P (C T * ) that extends the multi-valued semiflow G (λ) constructed in Proposition 5 in the following sense: Proof. For the first claim, we simply have to observe that it is possible to extend the definition of f (λ, ·) to C T * . In other words, it is enough to consider an analogous DDE to (2) but instead of f (λ, x t ), with right hand side f(λ, ·) ∈ C(C T * ; R d ) defined as
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Actually, it is not difficult to check that
(see Remark 2(i)). The new parametric DDE
is settled as that in the above section, therefore we can apply Theorem 11 to ensure the existence of semiflow G (λ) and attractor A (λ) ∈ K(C T * ). Therefore, the second claim is proved.
Finally, the characterization (11) is a consequence of Theorem 14 given below.
Remark 13
An abstract construction of an extended semiflow from a given one acting on delay phase spaces and without an explicit DDE can be done, see [12, Th.6 ] for a proof in the single-valued case.
Theorem 14
Suppose that a multi-valued semiflow G (τ ) : R + × C τ → P (C τ ) has a global attractor A (τ ) and that there exists an extended multi-valued semiflow
in the sense given in Theorem 12. Then, G (τ ) has a global attractor A (τ ) , and it has the following characterization:
